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Abstract 

Let {Lf ; {x, t) e x R^} denote the local time of Brownian 
motion. Our main result is to show that for each fixed t 



/(Lf+'* - Lf )3 dx - 12hjm+'' - Lf)Lf dx - 2Ah^t 
CM ■ 

^(^jmfdx^^ 11 



> 

^ . 

\ as /i ^ 0, where r/ is a normal random variable with mean zero 

I and variance one that is independent of L^. This generalizes our 

' previous result for the second moment. We also explain why our 

. approach will not work for higher moments. 

> 

1 Introduction 

Let {i^f ; {x,t) G -R^ X i?^} denote the local time of Brownian motion. 
Let 

ap,i= jmrdx (1.1) 
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(an integral sign without limits is to be read as /^,) and let rj = N{0, 1) 
be independent of ap^f The main result of [3] is the following weak limit 
theorem. 



Cy/a^t V (1-2) 



Theorem 1.1 For each fixed t 

as h ^ 0, where c = (64/3)"'^^^. 
Equivalently 

J^J ^cy«^77 (1-3) 

as t oo. 

In this paper we provide the analogous CLT for the third power. 
Theorem 1.2 For each fixed t 

- dx - 12hjm+^ - L^)L^ dx - 2AhH c 



Cy/a^t V (1-4) 



as h ^ 0, where c = vT92. 
Equivalently 



^ ^cy^r/ (1.5) 

ast-^oo. 

We explain below why the approach we use will not work for moments 
larger than three. 

The equivalence of (11.41) and (11.51) follows from the scaling relationship 

{LU^ ■ (x, t) G X R\} k {h-'Ll^ ■ (x, t)eR'x Rl}, (1.6) 
see e.g. |6l Lemma 10.5.2], which implies that 

/ (Lr'^ - L^f dx^h'J (L^+1 - L^/,.f dx, (1.7) 



I {Lt^^ - L^)L^ dx^h'l - L^/,.)^t/.^ dx. (1.8) 

Using this, and (11.41) with t = 1, and then setting h"^ = 1/t gives (II. 5p . 

Theorem 11.21 is derived using the method of moments. Note that the 
right hand side of (11.41) is c^ya^J t] . Unfortunately, we can only show 
that ^JoL^t V is determined by its moments if p = 2 or 3, so we cannot 
use our approach to prove an analog of Theorem 11.21 for moments larger 
than three. 

In Section [2] we give some estimates on the potential densities and 
transition densities of Brownian motion which are used throughout this 
paper. Their proof is deferred until Section [SI In Section [3] we show how 
Theorem 1 1.1 1 will follow from a result. Lemma l^?T| on the moments of an 
analogous expression where t is replaced by an independent exponential 
time. This Lemma is proven in Section |H Other lemmas are that used 
in the proof of Theorem 11.11 are derived in Sections [SE 

This paper extends the basic approach used in [3]. The main nov- 
elty in this paper is the need to subtract a non-random term in (11.41) in 
order to get a Central Limit Theorem. Dealing with this non-random 
subtraction term, and in particular the need to keep track of delicate 
cancellations, makes this paper considerably more difficult than [3j. Al- 
though, as mentioned, the approach of the present paper will not work 
for higher moments. Theorem 11.11 does suggest what a Central Limit 
Theorem for higher moments should look like. Here is our conjecture for 
the fourth integrated moment. 

Conjecture 1.1 For each fixed t 

S{/S^L^tY dx - 2AhJ{A^L^fL^ dx + 48h^ ^{Lff - (A^L^)L^ dx 

Ci^/a^t V (1.9) 
ash^ 0, where Cg = ^/^^ and A'^L?^ = L^+^ - . 
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2 Estimates for the potential density of 
Brownian motion 

Let pt{x) denote the probability density of Brownian motion. The a- 
potential density of Brownian motion 



Let Aq, be an independent exponential random variable with mean 1/a. 
Kac's moment formula, [6l Theorem 3.10.1], states that 

(n \ n 

n^Ai =En«"(^^o)-^^o-i)) (2-2) 
j = l j TT j = l 

where the sum runs over all permutations vr of {1, . . . , n} and 7r(0) = 0. 
Let denote the finite difference operator on the variable x, i.e. 



We write A'* for A^ when the variable x is clear. 

The next lemma collects some facts about u"(a;) that are used in this 
paper. 

Lemma 2.1 Fix a > 0. For < /i < 1, 




(2.1) 



A^/(x) = /(x + /i)-/(x). 



(2.3) 



AM«"(a;-i/) 



y=x 



2 



V2a 



) 



2/i + 0(/i=^), (2.4) 



t;"(x) =: |A'^m"(x)| 



< C/iM°(x), 



(2.5) 




Vlxl > h. 



(2.6) 



We have 




(2.7) 
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and 

{w''{x)Y dx = Oih^"). (2.8) 



i\x\>h 

In addition, for any q > 2 

J (a'^A-^ u'^ix))' dx = (2'?+V(9 + 1) + 0{h))h''+\ (2.9) 

In all these statements the constants C and the terms 0{h') may depend 
on a. 

The proof is provided in Section [81 

We note that the same proof shows that for any ai, . . . , > 

/ n (a^A-^ {x)) dx = (2^+V(9 + 1) + 0{h))h'^+\ (2.10) 
1=1 

Remark 2.1 In Lemma l2.ll we have taken h positive. Using the fact 
that u°'{x) is an even function of x it is easy to check that we obtain the 
analog of (12.51) for all < 1 if on the right hand side we replace h by 
\h\. 

The following estimates, which will be used in the proof of Lemma 
16.11 are also proven in Section [HI 

Lemma 2.2 Let < h < 1 and < T < oo. Then for some Ct < oo 



Ut{X) = 

rT 



f pt{x)dt<CTe-\^\ (2.11) 
Jo 

: r |A'^j9t(x)|rft < Ct/ic-I^I, (2.12) 
Jo 



Vt[X 

and 

rT „-xV32r 



nl p — /oi-i 

Wt{x)=: \A''A-%{x)\dt<CTh^ — - — , \x\>2h. (2.13) 
Jo \x\ 

J WT{x)dx < Crh'^lloghl, (2.14) 

J w^x) dx < CTh'^+\ (2.15) 

/ wUx)dx <CTh^''/^+^/^. (2.16) 

J\x\>Vh 



Also 

and for any q>2 
and 



5 



Lemma 2.3 Let < h < 1 and < S < T < oo. Then for some 
Cs^T < oo 

ut{x)=: sup Pt{x)<Cs,Te-''"/^^, (2.17) 



5<t<T 



vt{x)=: sup \A^pt{x)\<Cs,The-'''/^^. (2.18) 

5<t<T 

and 

wt{x)=: sup \A^A-^pt{x)\<Cs,Th^e~'''/^^. (2.19) 

S<t<T 

Lemma 2.4 Let < h < 1. For q>2 

J (^J^ A^A-^pt{x) dtj dx = (2«+V(g + 1) + 0{h^/^))h''+\ (2.20) 



and 



J A^A-^pt{x) dt)j dx = (2'^+V(g + 1) + 0(/i^/2))/i^+\ (2.21) 



3 Proof of Theorem 11.2 

Theorem 11.21 will follow from the next lemma. 
Lemma 3.1 For each integer m > and t G -R+ 

lim E ^ Z^^^^*^'' ~ ~ ^ mLt^'' - Lt) dx - 2AhH 



h->0 \\ 

{2n)\ 
2 



^(192)"i?{(|(Ln^dx)"} tfm = 2n ^^^^ 

otherwise. 
Proof of Theorem 11.21 It follows from (2", (6.12)] that for any q 

i?{(/(Ln'^rfa:)"}<Cr(n!)('^-i)/^ (3.2) 



Therefore, since \J{2n)\ < 2"n!, the right hand side of (13. ip . which is 
the 2n— th moment of CJ f{Lf)^dx rj is bounded above by C'^^C^{2n)\. 



This implies that Cy J{Lf)^dx rj is determined by its moments; (see [H 
p. 227-228]). Lemma 13.11 together with the method of moments, P, 
Theorem 30.2], then gives us (11. 4p . □ 

Proof of Lemma 13.11 Let A,^ be an exponential random variable with 
mean 1/^. It follows from Lemma WTLl below that for each integer m > 0, 



'JiA'^Lf f dx - Uh J Lf (A^L^ ) dx - 2Ah'^\ 



\im.E . . 



C 



il92r E [[J (LI fdxy] iim = 2n 



(3.3) 



otherwise. 
We write ([SJD as 

^-Csj, I^^ IjA'mfdx - 12/^/Lf(A^Lf) dx - 2Ahls y^^ 

— > e-^'E jr/'" (^192 j {L'^f dx ^'^'j ds 



(3.4) 



as /i — > 0. For /i > let 

JiA'^^y dx - 12/i/ (A^Lf ) dx - 2Ahh^ 



Fm,his) := E 
and set 



/l2 



(3.5) 

F^,ois) ■■= E I r/- (l92 J dx ) "^'j . (3.6) 



Then (13.41) can be written as 



poo ^ roo ^ 

hm / e-^'Fm,h{s)ds= e"^' F^^^^{s) ds. (3.7) 

h^OJo Jo 

We consider first the case when m is even and write m = 2n. In 
this case F2n,h{.s) > and the extended continuity theorem [H XIII. 1, 
Theorem 2a] applied to (13.71) implies that 

lim / F2n,h{s)ds=[ hnfiis) ds (3.8) 

h^OJo Jo 



for all t. In particular, 

ft+S ^ rt+5 _ 

lim / F2n.h{s)ds= I F2n,o{s)ds. (3.9) 

h^OJt ' Jt 

It follows from the fact that is almost surely continuous and increasing 
in s that F2n,o{s) is continuous in s. (We saw in (I3.2p that it is bounded.) 
Consequently, 

lim lim - / F2n.h{s) ds = F^n^it). (3.10) 
When t = we get 

lim lim \ r F2n,his)ds = 0. (3.11) 

5-^0 h^O JO 

To obtain (13.31) when m is even we must show that 

lim F2n,h{t) = hn,o{t). (3.12) 

This follows from (13.101) once we show that 

1 /•*+<5 ^ 

hm hm - / F2n,h{s) ds = lim F2n,h{t). (3.13) 

We proceed to obtain (13.131) . 
For s > t we write 

J {/SJlLlfdx = J (A^L^ + A^(L: - L^)' dx (3.14) 

= / {A'^L^r dx + sj {A^fA^^iL: - ^) dx 

+3 j A^L^ (A^(L: - L?'))' dx + j (a^(L: - dx 

and 

/ lha^^l:) dx = j m + {l: - m {a^,^ + a^l: - ^)) dx 

= j mA'^L^) dx + J L^A^(L: - L^) dx (3.15) 

+ J{l: - L^){A',L^) dx+J {l: - l^,)aI{l: - ^) dx 
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so that 

J {A'^L^^f dx - 12h J L^(A^L^) dx - 24h'^s (3.16) 

= / (A^L^)3 dx - 12h J m^m) dx - 2AhH 

+3 j {(A^L^^ - A^(Lf - ^) dx 

+3 / A^L- |(A^(Lf - Ll)f - Ah{Ll - L^} dx 

+ 1 (A^(Lf - Lf ))' - I2h j m - )A^(Lf - L^) - 24/i2(i - s). 

Note that, using Bt to denote an independent Brownian motion, and 
then using translation invariance 

I (A^(Lf - L^)' dx - 12h I m - m^lm - L^) dx - 2Ah\t - s) 

= j {A^^Luf oOtdx- 12h J {lU {AtLU) }oetdx- 24h\t - s) 

j (A,^L-f*)' dx - 12h j LrJ^ (A,^L-f') dx - 2Ah\t - s) 

= J {A'^LUf dx - 12h J LUiA'^LU) dx - 2Ah\t - s). (3.17) 

Also, using to denote an independent copy of Brownian local time 

/ [{^^.Ltf - ^hLt) A^(L: - dx (3.18) 

= / {{A^f - AhL^} {a^lu o e^) dx 

j [{A^^L^.f - AhL^,] AIl:-_^^ dx 
= / {(A^L^^')' - A^L^_, dx 

j {{A^^f - ^h^} A^^LUdx 

where we have used the fact that {L^^^^ , x £ E}} {L^ , x e R^} 
which follows from time reversal. Similarly, 

/ A^L^ |(A^(Lf - Ln)' - 4/i(Lf - L^} dx (3.19) 

I A'^Lt {{A'ALUf - ^hLu} dx. 



Let 

G„,,(t,r) = -.Eih-^ j {{^'^Llf-AhL^]^^^L^dxy (3.20) 

and set 

G™,o(t,r) := E jr/'" (^64 j mfL^^dx )"^'| . (3.21) 

We then use the triangle inequahty with respect to the norm || ■ \\2n 
together with (I336D - (1339D to see that 

+ 3G2n!/i ^('^i -5 — i) + 3G2{^/i ^(s — t, t). 

Similarly we have 

FlTi^) > nTii)-FlnJr\^-i) (3-23) 
- 3G^S")(t,.-t)(t)-3G^S"^(s-t,t). 

We now use the triangle inequality with respect to the norm in L'^"'{\t,t + 
S\,5~^ ds) to see that 



1 /■*+^ - 1 



5 



l/(2n) 



F2n,h{s) ds (3.24) 



^^UL *^2n,h(t, S-t)ds\ ^2„,h,(s - t, t) ds \ 



l/(2n) 



and 



1 /■*+^ - 1 



5 



l/(2n) 



F2n,h{s) ds (3.25) 



l/(2n) 



>^2irW-|^/ F2n,H{s-t)ds 

-3 <^ - G2n,h{t, s-t)ds\ -3<- G2n,h{s " t, t) ds \ 
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Hence, in light of fl3.11l) . to prove fl3.13l) we need only show that for each 
t 

1 ^ 

limlim-/ Gin hit, s) ds = (3.26) 

5^0 h^O Jo 

and 

I rS ^ 

limlim- / Gin his,t) ds = 0. (3.27) 

<5^0 h^O d Jo 

We use i?^'^(-) to denote expectation with respect to the independent 
Brownian motions Bt starting at y and Bt starting at 2;. Let A^, A^' be 
independent exponential random variables with mean We show 

in Lemma [5.11 below that for each integer n > 0, 



hm Ey'' 

h^O 



I 



\ 



2n 



(3.28) 



Ml(64)"i?-{(/(L^P^L^^,rfx)"} 



uniformly in y^z. 

Just as ([32D implied ([31]), it follows from fl3:28|) that 



/•<? ^ ft rg ^ 

lim / / G2n,h{'^,r) dr ds = / / G2n,o{s,r) dr ds (3.29) 

h^OJo Jo Jo Jo 



ft rq ^ rt rq 

, / G2n,h{s,r)drds = / / 

h^OJo Jo Jo Jo 

for all t. In particular, 

rt+5 i-q+S' ^ i-t+S rq+5' 



lim / / G2n,h{s,r) drds = / / G2n,o{s,r) dr ds. (3.30) 

h^OJt Jq Jt Jq 

It follows as with F2n,o{s) that G2n,o{s,r) is continuous in s,r. Conse- 
quently, 

X rt+S r-q+S' ^ 

limlim—/ / G2n,h{s^^) ds = G2n,o{t,q)- (3.31) 

5,5'-»0 h^O 00 Jt Jq 

When t = we get 

I rS rq+5' _ 

lim lim— / / G2n,h{s,r) dr ds = 0. (3.32) 

5,5'^0 h~*0 66' Jo J q 

Similarly we have 

I rt+5 r5' _ 

lim lim—/ / G2n,h{s,r) dr ds = 0. (3.33) 

5,5'^0 h->0 06 Jt Jo 
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For s > t we write 



/ {(A^L:r-4/^L:}A^z^c?x (3.34) 



,hTX 



I {{^'{l: - - (l: - m^A'^L^dx (3.35) 



+2/ A^L^A^(L:-LnA^Z^rfa; 



Hence as before we obtain 

rt+S rS' 

It Jo 



66' 



>, l/(2n) 



1 r^' 
6^ Jo 



G2n,his,r)drdsj > 

( 1 rt+5 rS' _ ^ 

Jo G2nAs-t,r)drdsj 



G2n,h{t,r)dr 

l/(2n) 



>, l/(2n) 



(3.36) 



2 rt+5 rS' 



66' Jt Jo 



H2n,h{t, s -t,r) dr ds j 



^ l/(2n) 



where 



Gm,h(s - t,r) 



--■.Eh 



(3.37) 



{A'^^LUf - 4hLU} o e.A'^^L-^ dx ^ 
J Ey''[{h-'J {{A',LUf-4hLU}A^,L^,dxy]My)dy 



and 



Hrn,Hit,s,r)=E[h--' I A^I4 iA'^L:oe,) A^L^ dx 



,hTX 



(3.38) 



We show in Lemma [6.11 below that for each integer n > 0, 



/ 



limE 

h~*0 



'/A^L? (A^^^o^,) A^^^dx 



2n\ 



(2n)! 
2"n! 



(64)" E\[ LULlo e,) dx 



(3.39) 
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locally uniformly in r, s,t on t > 0. fl3.26p then follows by arguing as we 
did to obtain (13.331) . 
We can also write 

/ {{A'^^L:)' - 4hL:} A'^L: dx (3.40) 

= J {{A^:L:r-AhL:}A^:L'^^dx 
+ J {(a^l:)2 - AhL:} A^M - z^) dx 

= J {(A^Lf)2-4/iL:}A^L^dx 

+ /{(A^Lf)2-4/.Lf}A^Z^L^o^,rfx 

and hence as before this leads to 

r 1 fS r,+5' ^ ] (I fS ^ ] 1/(2") 

J G2nAs,r)drds\ > G2nA^^l) ds> 



66' Jo Jq 

( I rS j-q+5' 



66' Jo 



l/(2n) 

G2n,/i(s,r - g) rfrrfs ^ (3.41) 



where 



G^,h{s,r-q) (3.42) 
=: E ^h-' J {(A^Lf )2 - Ah^} A^Z^_, o e, dx^ " 

= / E''^[(h-'J {{A',L:y-AhL:}A'^^L:_^dxy^p,{z)dz 

and then (I3.27P follows by arguing as we did to obtain (I3.32p . 
Thus we obtain (13.121) and hence (13. ip when m is even. 

In order to obtain (I3.12p when m is odd we first show that 

supF2„,^(t) <CP". (3.43) 

h>0 

To this end, it clearly suffices to show that 

sup Fil\{t) < Ct'- (3.44) 

h>0 
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where 

:= E[[i^^^^ni±^^^hiM^mi±y^ , ,3.45) 

To see this we observe that by first changing variables and then using 
the scahng relationship (11.61) with h = \/t, we have 

= e j {Ll+^'-"' - Llf dx 

and 

= j Ll{Ll+'''~"'" -Ll)dx. 

Therefore 

/(Lr'^ - Lf )3 dx - I2h J LfiLr" - L^t) dx 



c !{Ll+^''''' - Llf dx - Uht^l'' J Ll{Ll+^''"' - LI) dx 



(3.48) 



L^+^*"'^' - Llf dx - 12(/ir 1/2) / Ll{L1+^'~"' - LI) dx 

(/it-V2)2 

so that for any integer m 

F!niit)=t'-F^l_,,,{l). (3.49) 
Therefore to prove (I3.44p we need only show that 

supsupF(;),^_,/,(l)<a (3.50) 

t h>0 

It follows from (13.121) that for some 6 > 

sup F^tt-^.^il) < a (3.51) 

{t,h| ht-i/2<5} 
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On the other hand, for ht > 5 



< 5^^ j - Llf dx + 12r^| j Ll{Ll+'''~"" - LI) dx\ 

< 45-2 J {Lff dx + 245-1 J {Llf dx (3.52) 

which has finite moments since ^{L^Ydx and j{L\Y dx have finite mo- 
ments, see f l3.2p . Using this and (13.511) we get (I3.50p and hence (13.441) . 
As aheady noted, this imphes (13.431) . It then follows from the Cauchy- 
Schwarz inequality that 

sup|F„,;,(t)| <Cr (3.53) 

for all integers m. 

We next show that for any integer m, the family of functions {Fm,/i(t); h} 
is equicontinuous in t, that is, for each t and e > we can find a 5 > 
such that 

sup sup \Fm,h{t) - F.m^h{s)\ < 6. (3.54) 

{s| |s-<|<5} h>0 

Let 

jm+''-L^Ydx-12hjmLt+^'-L^)dx-24hH 
^h(t) := , * . (3.55) 

Applying the identity A"" - B"" = Ef=o^^^'(^ - 3)3""-^-^ with A = 
<l>h{t), B = <^h{s) gives 

m— 1 

F^,h(t) - FmAs) = E ^hityiMt) - Ms))Msr-'-' (3.56) 

j=0 

Consquently by using the Cauchy-Schwarz inequality twice and (13.531) . 
we see that 

sup sup \Fra,h(t) - Fm,h{s)\ < Ct.m SUp SUp || $/i (t) - $/i (s) || 2 . 
{s\\s-t\<5} h>0 {s| |s-t|<5} /i>0 

(3.57) 
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Using fl3.16p - fl3.19p . we see that to obtain fl3.54p it suffices to show that 
for any e > we can find some 6 > such that 



sup supF2,/i(s) < e 

{s|s<<5} h>0 



(3.58) 



and for any T < oo 



sup sup sup E 

{t<T} {s<S} h>0 

and 



sup sup sup E 

{s<T} {t<S} h>0 



1 



1 

7^ 



By fl3:44l) 



supF2,/j(s) < Cs^ 

h>0 



< e (3.59) 



< e. 



(3.60) 



(3.61) 



which immediately gives fl3.58p , while f]3.59p and f l3.60p follow from Lemma 
17. II below. This estabhshes f l3.54p . 

We now obtain (13. II) when m is odd. By equicontinuity, for any 
sequence /i„ 0, we can find a subsequence —>■ 0, such that 



hm Fm,h„ . (t) 



(3.62) 



converges to a continuous function which we denote by Fm{t). It remains 
to show that 

Emit) = 0. (3.63) 

Let 



G^,h{t) ■.= e-'Em,h{t) and G™(t) := e-*F„(t). 



(3.64) 



By (1333D 



sup sup \Gm,h(t) \ < C and lim supG'm,/i(^) = 0. (3.65) 



h>0 t 



t— >oo 



h>0 



It then follows from (13.70 and the dominated convergence theorem that 
for all C > 

poo 

(3.66) 
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We obtain fl3.63p by showing that Gm{s) = 0. 

It follows from fl3.65p that Gm{t) is a continuous bounded function on 
i?+ that goes to zero as t cxd. By the Stone- Weierstrass Theorem; (see 
[5[ Lemma 5.4]), for any e > 0, we can find a finite linear combination of 
the form X^ILi Cje"^'* such that 



sup\Gm{s)-J2cie-'^''\<e. (3.67) 

s 

Therefore, by fl3.66p 

/"OO /"OO /Til \ 

e-'Gl{s)ds = e-^ (^^Qe-^'^jG™(s)rfs (3.68) 

i-OO / ^ \ 

+ (GUs) - E c.e-^"^ j Gmis) ds 

= e-'\GUs)-Y.Cie-<^'jGrn{s)ds 
< 2e( r e-'Gl^{s)ds\'^ (3.69) 



by the Cauchy-Schwarz inequality and (I3.67p . Thus /g°° e~*G^(s) ds = Q 
which implies that Gm{,s) = 0. 

□ 



4 Moments at exponential times 



We often write ui^_^{0) for A'^A-^/(0) = 2 (m^(0) - u<{h) 
Lemma 4.1 For each m, as h 



( 



E 



C 

h,-h) ^Xi- 



dx 



I 



I 



gJ(192)"E{(/(L^,^)3rfx)"} ^fm = 2n 
otherwise. 
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Remark: Of course, / L^^ dx = A^. Using fl2.4l) and the continuity 
of local time, Lemma [4.11 implies (13.31) . 

Proof of Lemma 14.11 For any integer m we have 

E ((/ {(A,^^^,)' - 64,-.(0)i^A,A'^A, - 6 K-.)'^aJ dxy^ 
= E (jl (I {(A^X^;)^ - 64,-.(0)L- A^X^; - 6 ^A^} dx 

= E (-l)™''"'-'^'(6nt.(0))l-l (6 (4.2) 



where the sum runs over all partitions of [1, m] into three parts. A, B, C. 
We initially calculate 

E (u A^^L- AJX^4 A^L- n ^A^AJX^^ H (4-3) 

\ieA j£B k£C I 

and eventually we set yi = xi = zi for all /. Using (12.21) we have 

E (n A^L- AjZ^^AjLl; n L^x,KL% U (4.4) 

n KK^. n k] e f n ^a;^" n i^,^, n 

isA jeB / \ieA jeB kec 

\ m+2|A| + |B| 

n n K E n ^'(^u) - - 1)) 

\ieA jeB j cr j=i 

where the sum runs over all bijections 

a ■ [l,2,...,m + 2|A| + \B\\ ^ 

{xi,yi,Zi,% G A} U {xj,yj,j E B} U {xk,k E C}. 

We then use the product rule 

A^{/(x)^?(x)} = {A'^J{x)}g{x + h) + f{x){A'Mx)} (4.5) 
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to expand the right hand side of fl4.4l) into a sum of many terms, over all 
cr and all ways to allocate each A*^ , Aj^ , A^ or A?^ to a single u'^ factor. 

Consider first the case where A = {1, . . . ,m}. For a given term in the 
above expansion, we will say that Xi is 3-bound if Xi,yi, Zi are adjacent, 
(in other words, for some j we have (cr(j), a{j + 1), a{i + 2)) = (xj, yi, Zi) 
or one of its 6 possible permutations), and A^., A^^, A^^ are all attached to 
the factors which connect Xj, Zi. Thus if (^(j), o"(j + 1), cr(j + 2)) = 
(xj, the A^^, A|j^, A^. are all attached to u^{yi — Xi)u'^{zi — yi). We 

return shortly to analyze this case. 

If Xi is not 3-bound, we will say that it is 2-bound if any two of the 
three elements Xj, Zi are adjacent, for example if Xj, yi are adjacent, (in 
other words either {xi.yi) = {a{j),a{j + 1)) or {yi,Xi) = {a{j),a{j + 1)) 
for some j), and both A^^ and Ay. are attached to the factor u^(xi — yi). 
In applying (14.51) we are free to choose which function plays the role of 
/, and which the role of g. In case Xj is 2-bound, taking our example 
with {xi,yi) = {a{j),a{j + 1)), when using (14.51) to expand A^. we take 
g to be u''{xi — yi) and similarly when using (14. 5 p to expand Ay^. In this 
way we guarantee that we have not added ±h to the arguments of any 
other factors. By (12.41) . setting Xj = yi turns the factor A^.Ay.u'^{xi — yi) 
into A''A-''m^(0), and since for every such a there is precisely one other 
bijection which differs from a only in that it permutes Xj, y^ we obtain a 
factor of 2A'^A~'*m''(0). This is precisely what we would have obtained 
if instead oi A^.A^.Ll' Lf in (i^D we had 2A'^A-'^m^(0)L^\ There are 

= 3 ways to pick two letters from among {xi,yi,Zi}. By consider- 
ing all such cases, we obtain precisely what we would have obtained if 
instead of A^^A^^ A^X^^L^^L^^ in we had 6A''A-''m^(0)L^'^A^X^V 
Consider then a term in the expansion of (14. 4p with A = {1, . . . , m} and 
J = {z I Xj is 2-bound} non-empty, but {i \ Xi is 3-bound} = 0. By (14. 4p 
there will be an identical contribution from the last line of (14. 2 p from any 
other A,B,C with 5 C J and C = 0. Since Ebcj(-I)'^' = 0, we see 
that in the expansion of (14. 2 p there will not be any contributions from 
2-bound x's. 

We emphasize that if Xj is 2-bound, and, for example, ((T(j),cr(j -t- 
l),a{j + 2)) = {xi,yi, Zi), with both A^^,Ajj. attached to M^(?/j — Xj), then 
A^. cannot be assigned to u'^{zi — yi). Otherwise, Xj would be 3-bound. 

We now return to analyze the case where Xj is 3-bound. Consider the 
case that (cr(j), cr(j-l-l), a{j + 2)) = (x^, yt, Zi). We first apply the A^. and 
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A^. operators to u''{yi — Xi)u'^{zi — yi) to obtain A^.M^(?/j — Xj) A^,-u^(zj — 
yi). Then by fl4.5p we have 

AJ^ (A^^«^(y, - X,) A',MHz^ - y^)) (4-6) 

= (AJ A^^«^(y, - X,)) A,S^(^, - - 

+A^y(y.-x.) (a;^ A^^w^(^, - y,)) . 

If we now set yi = Xi = Zi we obtain 

A'^A- V(0) (n^(0) - + (u^{h) - u^(0)) A'^A" V(0) = 0. (4.7) 

Thus, 3-bound variables such as Xi make no contribution to (14.41) . How- 
ever, there will be an analogous contribution from 6A'^A~'''u'' (0)L^'^ A^X^^ 
which is not cancelled by 2-bound variables. This is the case where Xi, Zi 
are adjacent, say {xi,Zi) = {a{j),a{j + 1)), and A^. is attached to the 
factor u'^{xi — Zi). As before we may do this without adding an h to 
the arguments in any other factors. After setting Xj = Zi we obtain 

6A'^A-V(0) (m^(/i) -m'^(O)) = -3 (A''A-'^M^(0))^ Since we can also 

interchange Xj,^;^, such Xj contribute —6 (^A^A^''u''(0)^ , which will be 

exactly canceled by the term —6 ^A''A^''u^(0)^ L^'^. Furthermore, this 
completely exhausts the contribution to (14. 2 p of all A 7^ {1, ... , m}. 

Thus, in estimating (14.41) we need only consider A = {1, . . . , m} and 
those cases where each of the 3m A'^'s are assigned either to unique 
factors, or if two are assigned to the same factor, it is not of the form 
u^{xi - yi),u'^{xi - Zi) or u'^{zi - yi). 

For ease of exposition, in the following calculations we first replace 
the right hand side of (14. 5 P by {A'^f{x)}g{x) + f{x){A^g{x)}, and return 
at the end of the proof to explain why this doesn't affect the final result. 
We use the notation 

((I {(A,^L^,^)=' - Gui^.mi.^'.Ll^ - 6 K-.)'^aJ ^^)") 

(4.8) 

to denote the expression obtained with this replacement. We can thus 
write 

= 6™^ / %{x; 7r,a)dx (4.9) 

TT,a •' 
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with 



where the sum runs over all maps vr : [1, . . . , 3m] i-^ [1, . . . , m] with 
K ""^(01 = 3 for each and all 'assignments' a = (ai, 02) : [1, • • • , 2m] 
{0, 1} X {0, 1} with the property that for each i there will be exactly 
three operators of the form A^, in (14.101) . and if a(j) = (1, 1) for any j, 
then X7r(j) 7^ The factor 6*" = (3!)"* in (14. 9 p comes from the fact 

that |7r~^(2)| = 3 for each i. 

Let m = 2n. Assume first that a = e where now e{2j) = (1,1), 
e(2j - 1) = (0,0) for all j. 



4.1 a = e with tt compatible with a pairing 

When a = e we have 

3n 

(4.11) 

Let V = {(^21-1, hi) , 1 < ? < -n.} be a pairing of the integers [1, 2n]. 
Let vr as in (14.111) be such that for each 1 < j < 3n, {7r(2j — 1), 7r(2j)} = 
{hi-iyhi} for some, necessarily unique, 1 < i < n. In this case we say 
that TT is compatible with the pairing V and write this as tt ~ P. (Note 
that when we write {7r(2j — 1), 7r(2j)} = {hi-i, hi} we mean as two sets, 
so, according to what tt is, we may have 7r(2j — 1) = hi-i, vr(2j) = hi or 
7r(2j — 1) = hi, 7r(2j) = hi-i- ) In this case we have 

n g 3n 

i=l j=l 

(4.12) 

We now show that 

/2n „ 2n 

Th{x; 71, e) n dxj = / '^lA^; ^r, a) [] dxj + 0(/i^"+^) (4.13) 
j=i j=i 

where 
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3n 

X Yl U^{Xn(2j-l) - X^{2j-2))- (4.14) 

i=i 

To prove (14.131) we write 

n 
i=l 

insert this inside the integral on the left hand side of (I4.13p and expand 
the product. It then suffices to show that 

3n 2n 

X n uHx^{2j~i) - x^(2j-2)) n = 0(/i^"+i) (4.16) 
i=i j=i 

whenever \A'^\ > 1. To see this we first choose j^, A; = 1, . . . , n so that 

{Xjr{2jk-1) - Xn{2jk-2), k = 1, . . . ,n}U {xi^^ - Xi^^_^, i = l,. ..,n} 

generate {xi, . . . ,X2n}- After changing variables, (14.161) follows easily 
from (12. 7p . (12. 8p and the fact that u'' is bounded and integrable. 
We then study 

. 2n 

I T^^h{x-7i,e)]ldxj. (4.17) 

Recall that for each 1 < j < 3n, {n{2j — l),7r(2j)} = {l2i-ij2i}, for 
some 1 < i < n. We identify these relationships by setting i = a{j) when 
{n{2j — 1), vr(2j)} = {hi-i, hi}- In the present situation this means that 
a : [1,3^] ^— > [1,"^] with |(T~"^(2)| = 3 for each 1 < i < n. (One for each 
occurrence of {l2i-ij2i})- We write 

3n 

n M^(x^(2j-1) - X^(2j-2)) (4.18) 
3n 
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where hj = {x^i2j-i)-xi^^^^^_^) + {xi^^^^_^^_^-x^(2j-2))- Note that because 
of the presence of the term HILi {^{\xi^--xi^- J^^l) integral in fl4.17p 

we need only be concerned with values of \hj\ < 2h, 1 < j < 3n. 

We expand the product on the right hand side of fl4.18p and obtain a 
sum of many terms. Using (12.51) and the fact that \hj\ < 2h, 1 < j < 3n 
we can see as above that 

. 2n 

I Ti,h{x]n,e)Y[dxj (4.19) 

/n n 2 

1=1 i=l 

3n 2n 

where a;_i = 0. Once again we can now see that 

„ 2n 

I r,^h{x;7i,e)l[dxj (4.20) 

/n „ 
n(A^A-'^n^(a;,,-a;,,,_j) 
i=i 

n ^^(^^..u,^. - IT dx, + 0{h'-^'). 

Using translation invariance and then (12. 9p we have 

3n 2n 



1=1 j=l j=l 

/n 3 
n (A'^A-'^u^ix.j) n - n 

i=l j=l k=l 

„ 3n n 

= {A+o{h)rh'-j n - ^/..,_.)- J n (4-21) 



3=1 k=i 

Rewriting this and summarizing, we have shown that 

2n 



J%{x-7i,e)f[dxj (4.22) 



i=i 
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/3n n 
j=l k=l 

with ?/o = 0. 

Let M. denote the set of maps a from [1, . . . , 3n] to [1, . . . , ra] such that 
|cr~^(i)| = 3 for all i. For each pairing P, any vr ~ P gives rise as above 
to a map a & M.. Also, any of the 2^" vr's obtained by permuting the 2 
elements in each of the 3n pairs, give rise to the same a. In addition, for 
any cr' G A^, we can reorder the 3n pairs of vr to obtain a new tt' ~ P 
which gives rise to a'. Thus we have shown that 

» 2ra 

5^ y %{x- 7r,e)n rfa;, (4.23) 

/3n n 
n ^^(^/-o) - y<3-i)) n ^?/^ + o{h'^^') 

o-fcyvi j=l fc=l 
16 ^ " 
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where the last line follows from Kac's moment formula, compare (14.91) . To 
complete this subsection, let Q denote the set of vr which are compatible 
with some pairing V. Since there are pairings of [1, ... , 2n], we have 
shown that 

» 2n 

/ %{x- 7i,e)\{dx, (4.24) 

Tree i=i 



(2n)! /16 



2"n! V 3 



4.2 a = e but tt not compatible with a pairing 

In this subsection we show that 

2n 



J2 I / Th{x; 7T,e) n dx,\ = 0(/i^"+i). (4.25) 



n<^g " j=l 
We return to (14. lip to obtain 

2n 



jTh{x;7r,e)f[dxj\ (4.26) 
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/3n 2n 
n '^H^7r{2j^l) - X^{2j~2)) W'^ix^{2j) " X^(2j-1)) Yl ^^V 

Let us show that when vr not compatible with a pairing we can find 
n + 1 hnearly independent vectors from among the 3n vectors 

x^{2j) - x^{2j-i), 1 < j < 3n. (4.27) 

We will say that x and are both 'contained' m. x — y. Since |7r~^(2)| = 
3 for each 1 < i < 2n, we can find ji such that Xi is contained in 
^■K{2ji) — Xn{2ji-i)- In addition, XT,(^2ji) — Xn{2ji-i) will contain another 
Xjj. We then pick an integer from [2, . . . ,2n] — {ii}, say Z2 and then 
find X7r(2j2) ^n{2j2-i) whlch contains Xi^. XT,(^2j2) ~ ^■K(2j2-i) will contain 
another where we may have = 1 ot = ii. In any event it is clear 
that in this manner we can obtain a sequence of vectors 

Xn{2j,) - Xn{2j,-i), l<i<n (4.28) 

which are linearly independent, since for each i, x,r(2ji) — a^7r(2ji-i) contains 
some Xk not contained in any of the preceding a;^(2j,) — a;,r(2j,-i)? I < I < i- 
Then, if the n vectors in fl4.28p contain all x,, 1 < i < 2n, it follows 
that the n vectors in (14.281) must contain disjoint pairs of Xj's. As a 
consequence they cannot generate any vector of the form Xi — Xi' which 
is not among the n vectors in (I4.28p . Since by our assumption vr is not 
compatible with a pairing, there are vectors of the form x-„(^2j) — 3^7r(2j-i) 
which are different from the n vectors in (I4.28p . This proves our claim 
that we can find n + 1 linearly independent vectors from among the 3n 
vectors of (I4.27P in case the n vectors in (I4.28P contain all Xi,l < i < 2n. 
But if they do not contain all Xi,l < i < 2n, say they do not contain 
Xk- There is some vector in (14.271) which contains Xk, and it is clearly 
linearly independent of the vectors in (14.280 . 
Thus we have a sequence 

Xn{2ji) - x^{2j,-i), 1 <i<n + l (4.29) 

of linearly independent vectors. Let J = {ji, 1 < i < n + 1}. We use 
(1231) to bound Km by 

» 2n 

I %{x;n,e)l[dxj\ (4.30) 



25 



/3n 
n w^(a;7r(2i-i) - a;^(2j-2)) n "''(^T(2i) - a;^(2i-i)) 
i=i ieJ'^ 

2n 

n w^(a;^{2j) - a;^{2j-i)) H 

We can complete the set of n + 1 vectors in fl4.29p to a basis of a;j, 1 < 
i < 2n hj choosing n — 1 vectors from among the vectors appearing 
as arguments of in the second hne of (14.301) . We then bound the 
remaining factors by a constant, change variables and use (12.71) with 
g = 1 to see that the integral on the right hand side of (I4.30p is bounded 
by C/i2("+i). Combining this with (14.301) proves (I4.25p . 



4.3 aj^e 

We now claim that 



„ 2n 

EElj ^^(^; ^'«) n dxj\ = 0{h'^^'). (4.31) 



a=^e j=l 

If Th{x; IT, a) contains k < 3n factors of the form w'', then we will 
have 2(3r2 — k) factors of the form f ^. We use (12.50 then to bound 

2n 2n 

/ Th{x; 7r,a) f[ dxjl < ^/^^(^"-fe) f Xh{x; vr, a) f] dx^ (4.32) 
•' i=i '' i=i 

where Ihi^'-, t^iO) is similar to Th{x\ tt^o) except that we have bounded 
the integrand by its absolute value and replaced each by u'^. We now 
show how to get a good bound on the integral of Th{x; tt, a). 
Choose ji = 1, j2, • • • , j2n such that 

span {3;7r(ji); •^-iT(j2) '^7r(j2 — l); • • • ; ■^n{j2n) •^T'(j2n — l)} 

= span {xi, . . . , X2n} (4.33) 

It is easy to see that this can be done. We now show that we can choose 
a permutation ai, (72, . . . , <J2n of [1, 2n] such that for any 1 < k < 2n 

■^■""(ifc)' "^""(jfc^l) ^ {•^iTi ) '^(72; • • • ) "^crfe}" (4.34) 

We take ui = vr(ji) = 7r(l) and choose the (72, ... , cr2n by induction 
so that (14.340 holds for each 1 < k < 2n. This clearly holds for k = 1, 
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since by definition ^^^(o) = 0. Assume we have chosen cxi, (T2, . . . , cx/ so 
that fl4.34l) holds for all k < I. Then among the remaining — 
XttQ-j^-^-i), . . . , a;7r(j2„) — XiTU2n-i)} there will be at least one i such that 
either x^^^j.) or XttQ-.-i) is equal to one of Xo-i, Xo-j, . . . , Xo-j. This is because 
each element of {a;7r{i,+i) -a^TrO^+i-i), • • • , Xn{j2n)-^7T{j2„-i)} is a difference 
of x's so that by themselves we could never have 

span {2;7r(j;+i) ~ ^■n-Ut + i-'i-)^ ■ ■ ■ y^Tr{j2n) ~ ^7r{j2n-l)} 

= span {{Xi, . . . ,X2n} - {Xai,Xa2, ■ ■ ■ ■ (4.35) 

We then take such an i and if a;7r(j,_^i) is equal to one of Xo-^, Xo-2, ■ ■ ■ ,Xai 
set cr^+i = 7r(jj+i — 1), while if is equal to one of Xo-i, Xg-j, • • • , a;^, 

set (Ti+i = 7r(jj+i). Then fl4.34l) holds for A; = / + 1 and completes our 
induction. 

We will prove fl4.25p by first bounding the dxcr2„ integral in fl4.26p 
involving all factors containing Xa2„- We then bound the dxa2„^i integral 
involving all remaining factors containing a;CT2„_i. We then iterate this 
procedure bounding in turn the dxa2„, dxa2„.i, • • • 5 dx^i integrals. f l4.34p 
guarantees that at each stage we are integrating a non-empty product of 
bounded integrable functions. Note that by (12.60 and (12. 7p with q = I 

sup / f[ w^{y + ai) dy < ChP~^ sup / w^{y + ai) dy = 0{hP+^) (4.36) 

ai J ai J 

for all p > 1. 

Let Pi denote the number of remaining w'^ factors containing x^- after 
we have bounded in turn the dX(^^^,dXa-2„_i, ■ ■ ■ ,dXa-^_^^ integrals, that 
is, Pi denotes the number of w'' factors containing x^. but not any of 
Xa2nJ^(T2n-i: ■ ■ ' : ^ cTi+i ■ Slucc thcrc are a total of A; < 3?2 factors of the 
form w'' in (14.321) . we have that YnliVi = k. Let /cq = |{* I Pi 7^ 0}|. 

If we apply our bounding procedure using (14. 360 together with the 
fact that u'' is bounded and integrable we see that 

2n 

[ Ih{x; TT,a) n dxj = 0(/iSSi(P'+^{''»'^o>)) = 0{h''+''°). (4.37) 

It is easy to see that in (I4.32p each Xj appears in at most 3 factors of the 
form w''. Thus each pi < 3. Since I]i=iPi = k, we must have ko > k/3. 
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Combining fl4.37p with fl4.32p we have 



2n 



J %{X- Vr, a) n dXj\ < C/i2(3"-^0+4A./3 ^ ^^4n+2(n-fc/3) (4 33) 

i=i 

which proves (14.311) since k < 3n. 

Combining (I4.3ip . (note the factor 6"* = 36") with the results of 
Subsections 14.1114.21 we have thus shown that 

= (l92/.^)"i5 {(/ {L%?dxy] + 0(/.-^^). (4.39) 

We now explain why we obtain the same expression on the right 
hand side when we have E instead of E^. In the paragraph following 
SI) we make use of precise cancellations to handle bound variables, 



which a priori might be affected by our modification of (14. 5p . Consider 
how (14. 9 p would look if we had used the product formula (14.50 . Note 
that any estimates we used will still apply since these estimates involve 
integrating or bounding by the supremum, neither of which are affected 
by replacing any of the x's are replaced hj x + h. (I4.20p will be affected, 
but note from (14.51) that the only terms of the form u'^{x — y) that may 
have X replaced hj x±h are those to which is not applied. Similarly 
y may be replaced by y±h only if Ay is not applied to a term of the form 
u''{x — y) . Consequently, we still have all terms of the form A^A~^u'''. 
Thus we obtain (I4.22p . except that some of the remaining u'^[x — y) may 
be replaced hy u^{x — y ±h). Using (12. 5p then leads to (I4.22p . 
Thus, it only remains to show that for each n 

\2 ^ \2n+l\ 

(A'^A,)' - Qui.MLlA^.Ll^ - 6 Ll^] dx^ j 

= 0(/i2(2"+i)+i). (4.40) 
This follows from the fact that we cannot form any vr's in Q. □ 




5 Proof of Lemma 5.1 



We use £'^'^(-) to denote expectation with respect to the independent 
Brownian motions Bt starting at y and Bt starting at z. 
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Lemma 5.1 Let A^, A^/ be independent exponential random variables with 
mean !/(,!/('. For each integer m > 0, 



I 



lim E^'" 



\ 



(5.1) 



2 




^ (64)" { (/ (L^,^)^Z;, dxj] ^fm = 2n 



otherwise 



uniformly in y, z. 

Proof of Lemma 15.11 For any integer m we have 

Ey'^ ((I {{A'^^Llf - 2A^A-V(0)L^,J A,^L^^, dx 
= E''' (n (/ / {iKL^x,)" - 2A'^A-V(0)L^^J A^X^;, dxdx., 



J2 (-1)™~I^I(2A'^A-V(0))l^'l 

AC{l,...,m} 



(5.2) 



We initially calculate 



(2A'^A-V(0))l-^^l£;^'^(nA,^L^;A;L^;A^Z^; [] ^a.^^^? 



(5.3) 

and eventually we set = Xj = Zj and Uj = Vj for all j. Using 02.21) we 
have 



(5.4) 



n n A!;, Ey- n ^a^^^^^i; n 

\i&A keA'' ) \i^A keA" 

n KKK n A!:, 



keA'^ 
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( n ^A^^r, n ^? ) ( n n ^: 
= n E n - <j - 1)) 

VieA / o- j=i 

f n At n E fi ^^(-'(j) - ^'u - 1)) 

\iGA fceA': / a' j = l 

where the first sum runs over all bijections 

a : [1, . . . , m + \ A\] ^ {xi, yi, i e A} U {u„ i G A"}. 
with cr(0) = y and the second sum runs over all bijections 
a' : [1, . . . , m] {zi, i e A} U {vi, i G A""} 

with cr'(O) = z. 

We then use the product to expand the right hand side of (15. 4p into 
a sum of many terms, over all a and all ways to allocate each A^., Ay. or 
A(j to a single v factor. 

Consider first the case where A = {1, . . . ,m}. For a given term in the 
above expansion, we will say that Xi is bound if Xi,yi are adjacent, (in 
other words either {xi,yi) = {a{j),a{j + 1)) or {yi,Xi) = {a{j),a{j + 1)) 
for some j), and both A^. and A^. are attached to the factor u^{xi — yi). 
Setting Xi = yi turns the factor A^. Ajj.M''(xj — yi) into A^A"'^m''(0), and 
as in the proof of Lemma 14.11 we can assume that our use of (14. 5 P for 
A^ and A^, does not introduce a ±h in the arguments of other factors. 
For every such a there is precisely one other a which agrees with a 
except that it permutes Xi,yi, we obtain a factor of 2A'*A~''m^(0). This 
is precisely what we would have obtained if instead of A^, A^X^j.1/^'^ in 
(I5.4p we had 2A'^A^'*'U^(0)L^^. Consider then any term in the expansion 
of (15.40 with A = {1, . . . , m} and J = {i\xi is bound}. By (14. 4p there 
will be an identical contribution from the last line of (15. 4p for any other 
A with A'^ C J. Since Z]a<:cj(~1)''^'^' = 0, we see that in the expansion of 
(15.20 there will not be any contributions from bound x's. Furthermore, 
this completely exhausts the contribution to (15. 2p of all A 7^ {1, ... , m}. 

Thus in estimating (15. 4p we need only consider A = {1, . . . , m} and 
those cases where if two A'^'s are assigned to the same u"^ factor, it is not 
of the form u''{xi — yi)- 
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Again as in the proof of Lemma I4.H in the following calculation we 
first replace the right hand side of fl4.5p by {A'^f{x)}g{x) + f{x){A'^g{x)}, 
and return at the end of the proof to explain why this doesn't affect the 
final result. We use the notation 

((/ {(A^L^^)2-2A^A-V(0)L^Ja^Z^^,c?x)'") (5.5) 

to denote the expression obtained with this replacement. 
We can thus write 

((/ {(A^L^,^)2-2A^A-V(0)L^,jA,^Z^^,rfx)") (5.6) 

= 2'"E E / '^hix; 7r,TT',a,a')dx 

71-, a TT',a' 

with 

Th{x; 7i,7i',a,a') 

where the first sum runs over all maps vr : [1, . . . , 2m] h-* [1, . . . , m] with 
1^ ""^(Ol — 2 for each i, and all 'assignments' a = (ai, 02) : [1, . . . , 2m] 1— >■ 
{0, 1} X {0, 1} with the property that for each i there will be exactly two 
factors of the form A^ in the second line of 05.71) . and if a{j) = (1, 1) 
for any j, then a;^(j) 7^ Xn{j-i)- The factor 2™ in (15.61) comes from the 
fact that |7r~^(z)| = 2 for each i. Similarly, the second sum runs over 
all permutations vr' : [1, . . . , m] ^-^ [1, . . . , m], and all 'assignments' a' = 
{a[, a'2) '■ [1, . . . , 2m] 1-^ {0, 1} X {0, 1} with the property that for each 
i there will be exactly one factor of the form A^. in in the last line of 
(15.71) . Here we have set ^^^(o) = y, Xt,i{q) = z. 

From this point on the proof is very similar to that of Lemma 14. 1[ Let 
m = 2n. Assume first that a = e where now e(2j) = (1, 1), e{2j — 1) = 
(0, 0) for all j, and similarly for a'. 
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5.1 a = a' = e with tt, tt' compatible with a pairing 

When a = a' = e we have 

2n 

Th{x; TT, tt', e, e) = J]^ u'^{xni2j-i) - x^{2j-2)) A'^A"'' u^{x^^2j) - x^{2j-i)] 

n 

X Jl M'''(a;^'(2j-i) - x^>(^2j-2)) A^A'^u'^'{x^>^2j) - x^f(2j-i))- (5.8; 

Let P = {(/2j-i, hi) , 1 < 2 < n} be a pairing of the integers [1, 2n]. 
Let vr as in (15.81) be such that for each 1 < j < 2n, {7r(2j — 1), vr(2j)} = 
{hi-i,hi} for some, necessarily unique, 1 < i < n. In this case we 
say that vr is compatible with the pairing V and write this as vr ~ P. 
Similarly we say that vr' is compatible with the pairing V if for each 
1 < j < {7r(2j — l),vr(2j)} = {hi-ijhi} for some, necessarily unique, 
1 < i < n, and write this as vr' ~ V. If vr, vr' ~ P we have 

Th{x; vr, vr',e,e) 

= n {A^A-'''u^{xi^^ - Xl^^_,)) n U'^ix^{2j-l) - X^{2j-2)) 
i=l j=l 
n n 

X n A''A-''u'^\xi,^ - xi,^_,) n u'^'ix^'{2j-i) - a;^'(2i-2))- (5.9) 
i=i j=i 

Set cr(j) = i when {vr(2j — l),vr(2j)} = {/2j-i,^2i}, so that a : 
[l,2n] H-^ with |cr^^('i)| = 2 for each 1 < i < n. Similarly, set 

cr'(j) = i when {vr'(2j — l),vr'(2j)} = {l2i-ij2i}, so that that a' is a 
permutation of [l,n]. 

As in Sub-section 14.11 we can show that 

2n 



j Th{x; vr, vr', e, e) dxj (5.10) 

^ ^ 1 A 1 7 1 



i=l 3=\ k=l 

with ?/o-(o) = 2/cr'(o) = ^ and error term uniform in y, z. 

Let denote the set of maps a from [1, . . . , dn] to [1, . . . , ra] such 
that |cr~^(z)| = d for all i. For each pairing P, each map -k V gives 
rise as above to a map a G A^2- Also, any of the 2^" vr's obtained by 
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permuting the 2 elements in each of the 2n pairs, give rise to the same a. 
In addition, for any a G Ai2, we can reorder the 2n pairs of vr to obtain 
a new tt ~ P which gives rise to a. A similar analysis applies to our vr'. 
Thus we have shown that 

» 2n 

/ vr, vr', e, e) Jl dxj (5.11) 

TT,Tr'r^V j = l 

/2n n 
o-fcyv/i2,o-'fcyv/ii i=l fc=l 

= (16/.^)"^^'^ {(/ (L^^)2L^^, dx)'^} + 0(/.^"+^) 

where the last line follows from Kac's moment formula. To complete this 
subsection, let Q denote the set of vr, vr' which are compatible with some 
pairing V. Since there are pairings of [1, . . . ,2n], we have shown 
that 

» 2n 

/ Th{x; 7r,7r',e,e)n dxj (5.12) 

TT.Tr'eg j = l 

= {lQh^TEy-[[J {Ll^fLl^, dxj] + 0{h^--^). 
The rest of the proof follows as in the proof of Lemma 14.11 n 



6 Proof of Lemma 6.1 



Lemma 6.1 For each integer n > 0, 



2n\ 



feS^ - I 1 (6.1) 



locally uniformly in ^1,^25^3 on ti > 0. 



Proof of Lemma l6.ll The proof of this Lemma is easier than that of 
Lemmas 14. II and |5 . II since there are no subtraction terms. However, there 
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are complications due to the fact that we now work with non-random 

times ti,t2i^3 rather than exponential times. 
We begin by writing 

E (^(/ A'^Ll {A'^^Ll o e,,) A^~Ll dx^^ (6.2) 



= / ^ n K^t! {<Lz ° ^0 A.^z-) n dx, 

\i=\ / i=l 

We first evaluate 

E (n K^?; K^s ° ^0 A^xg)) (6.3) 

2n / 2n ~ \ 



i=l \i=l 
2n / 2n 



j=l \i=l 

2n / 2« _ 

n(A.^)i^ n^i 



i=l \i=l 

and then set all yi — Zi — Xi. 
By Kac's moment formula 

2n 



7ri,7r2"^{Ej"i'"iJ^*i} j=\ 

2n 2n 

n^^^2,^(2/T2(j) - 2/7r20-i)) n drijdr2j 

3=2 j=l 



and 



' 2n 
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» 2n 
TTg •^{Li=l'-3,^<*3} j = l 

where the sums run over all permutations vTj of {1, . . . , 2n} and we also 
define vrj(O) = and Xq = Zq = 0. 

We then use the product rule (I4.5P as before, to expand the right hand 
side of (16. 3p into a sum of many terms, and then setting yi = Zi = Xi we 
obtain: 

■ 2n 



E o ^*,) ^^Ml)) (6-6) 

7r,a 

where x = {xi, . . . , X2„), vr = (tti, 7r2, tts), a = (ai, a2, a^) and 

r,«(x;7r,a) (6.7) 

3 2n 

- n 1 n ((AS.,j°"'" (Aj.,,..,)""« - ..0-.,)) 

m 

n drd,j- 

In (16.61) the sum runs over all triples of permutations (tti, 112, tts) and all 
fld = (c^d,!, 0,(1,2) '■ [I5 ■ ■ • 5 2n] 1-^ {0, 1} X {0, 1}, with the restriction that 
for each d,i there is exactly one factor of the form (Here we 

define (A^J° = 1 and (Ag) = 1. We have also set 7ri(0) = 713(0) = and 
7r2(0) = 7ri(2n).) In we set TZa = {E|=irdj < td}, rf(x) may be 
either Pr{x),Pr{x + h) or p^i.^ — h), and faj = r^j unless d = 2, j = 1 in 
which case f2,i = r2,i + (ti — I]j=i '^ijO- It is important to recognize that 
in the right hand side of (16.71) each difference operator is applied to only 
one of the terms p.{-). 

Instead of (16.71) we first analyze 

Th{x; 71, a) (6.8) 



d=l " '^d j = l 



n (^^d,j- 
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This differs from fl6.7p in that we have replaced all pl{x) by Pr{x). At 
before it will be seen that this has no effect on the asymptotics. 

As before, we first consider the case that ai = 02 = as = e where 
e = (e(l), . . . , e{2n)) and e(2j) = (1, 1), e(2j - 1) = (0, 0), j = 1 . . . n. 
Let V = {(/2i-i, hi) , I < i < n} he a pairing of the integers [1, 2n]. Let 
^i)7r2,7r3 be permutations of [l,2n] such that for each 1 < d < 3,1 < 
j < n, {Trd{2j - l),TCd{2j)} = {hi-i,^} for some, necessarily unique, 
1 < i < n. In this case we say that vr is compatible with the pairing V. 
( Note that {7rrf(2j — l),7rd{2j)} is not necessarily the same for each d.) 
Then by 



Th{x] 7r,e) (6.9) 

3 „ n 

= n L^u , n {^'"^'^pr.A^-^m - 2^-d(2j-i))) drd,j 



n 



where again Sdj = Sdj unless {d,j) = (2, 1) in which case we have S2,i = 
S2,i + (ti-E"liri,,- + Si,,). 

Set cTd(j) = i when {7id{2j - l),7rd(2j)} = {/2j-i,/2i}- Using the 
approach of Sub-section 14. II together with the estimates of Lemma [2^21 in 
place of the estimates of Lemma 12.11 (in estimating error terms we take 
absolute values of all integrands and extend the time integration of each 
term to [0,T] with T = 2 max(ti, )f:2, ^3)) we can show that 

/2n „ ^ 2n 

Th{x; vr, e) J] = / Th{x; vr, e) J] d^j + 0{h'^"+^/^) (6.10) 

where 

~ 3 „ n 

%{x; vr, e) = n L„ , 11 A'A"Vr,„(xz,, - x;,,. J (ir,,, 

n 

^ n P-Sci,M2a,u)-i-^h.,u^i)-i) dsdj. (6.11) 

The fact that the error term in (I6JOD is 0(/i^"+^/2) ^nd not 0(/i^"+^) is 
due to the fact that we use fl2.16p instead of 02. 8p . 



36 



Let Ah{7r,e) denote the integral on the right hand side of fl6.10l) so 
that 

■' d=l -"^l^j^l ^d.j+Sd.j<td} j=i 

n 2n 

j=i i=i 

We make the change of variables xi,- — >■ xi,- + xi,-^-^, i = 1, . . . ,n and 
write this as 

3 n 

d=l •^^Lj=i ^d,j+Sd,j<td} i=i 

n 2n 

j=i i=i 
We now rearrange the integrals with respect to X2,X4, . . . , X2n and get 
A(vr,e) (6.12) 

3 n n 

X n n P-SciM2a,u)^, - xi,„,u-,)-,) dsd,idrd,i) J] dxi,^_^. 

d=lj=l 1=1 



Let 



Fia-s) 



3 n 



/ n n P5d,.(a;«2.,o)-i - xi,„,u-i)-i) n ^^^i^..^ (6.13) 

d=lj=l i=l 
„ 3 n n 

y n n psdAy-dU) - i/<x,o-i)) n 



Hi 

d=lj = l i=l 

where we set i/i = xi,^_^. We can now write 
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3 n 

^ ,,/(^; ^) n n (6-14) 

n / 3 \ 3 

n / n (^'^"'^^^..(^)) n ^^<^.- 

i=l V d=l / d=l 

Using 2 - e"-^^ - e""-^^ = 2-2 cos(A/i) = 4sin^(A/i/2) we can write 

Gh{r) ^. [U Ka-'^p,,,(x)) dx (6.15) 

d=i 

Y (^1 e-SLiV. f[sin2(A,,,V2)e-'-<^'^^l^/^dA,,,^ 
y e^^ELaVi e*^^'^-isin2(Ai,iV2)e~''^''^'-*/'dAd,i) dx 

nsin2(A,,,V2)e-'-''"'^.'/'dA,,,) 

d=2 J 
d=2 J 

with Ai,i =: — J2d=2 ^d,i in the last equahty. For the last equality we used 
Fourier inversion. 

Since G/j, F > 0, we have the following upper and lower bounds for 
^/i(7r, e) 

< ( / ft (A"A- d.) du) (6.16) 



3 

2^. 



3 ri 

and 

Ah{-r^: e) 
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> 



„ 3 n 

X / F{a; s) n n dsd,i- 



(i=l j=l 



We show that the two sides of the inequahties are asymptoticalUy equiv- 
alent as h 0. The following Lemma is proven below. 



Lemma 6.2 

3 n 



^(^; ^) n IT dSci,^ 
•^{L,=i^d,z<td,V4 d=li=l 

n 3ft 

-/ F{a-s)WWdsd,<CTh. 



3 n 

, „ F{a-s) 

'{J2"=i''d,,<td-nh,Vd} d=li=l 

Referring to flOOD . using (^M>-(^2B> we see that 

2n 



J %{x; 7T, e) n dx, = A^(7r, e) + 0(/i^"+i/2) (6.18) 



3 n 



= i^hr f F{a- .) n n dsd, + 0{h'-^''^) 

= {Shy 

// 3 „ n n \ n 

n , n v-sUy-d{i) - y^di-i)) n dsd,^ n % 

+0(/i^"+^/'). 

Recall that, in the paragraph containing (16. 9p . for a given pairing 
= {(^2i-i, ^2j) , 1 < « < n} of the integers [l,2n], we define what it 
means for a collection of permutations vr = (tti, 7r2, tts) of [l,2n] to be 
compatible with V. We write this as (tti, 7r2, vts) ~ V. Obviously, there 
are many such pairs. We can interchange the two elements of the pair 
'iTd{2j — 1), 7rrf(2j) without changing ( I6.18p . There are 2^" ways to do this. 
Furthermore, by permuting the pairs {7rd(2j — 1), 7rd(2j)} we give rise in 
(I6.18P to all possible permutations ad of [l,n]. We thus obtain 



» 2n 

E J 'Fh{x; 71, e) Yl dxj 



(7ri,7r2,7r3)~P j=l 
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n n \ n 

i=l i=l / i=l 

= (64/.Y^|(| o^,jZ^3rfx)"} +0(/.^"+^/^). (6.19) 

Here the sum in the second hne runs over all permutations a = (ui, ■ ■ ■ , (Xg) 
of {1, . . . ,?T,} and we set o"d(0) = 0. The fourth line follows from Kac's 
moment formula. 

Since there are pairings of the 2n elements {1, . . . , m = 2n} we 
see that 

2n 



^ fTf,{x;7T,e)f[dx, (6.20) 

V (7ri,7r2,7r3)~P i = l 

^(64/i^)"E I (I LliLl o ^,JZ- rfx)"} + 0{h'^+'/') 



2"n! 

where the first sum runs over all pairings P of {1, ... , 2n}. 

Given the estimates of Lemma 12.21 we can show as in Section 4 that 
the contributions to (16.61) from (ai, 02, 03) = (e, e, e) for vr not compatible 
with a pairing is 0(/i^""'"^/^). The arguments of Section 4 will give a 
similar bound for (oi, 02, as) 7^ (e, e, e) with one possible exception. This 
will happen if 7r2(l) = 7ri(2n) so that the argument of the term p^j.i 
is zero, and two A operators are applied to this p. In that case, since 
A^A~^Ps^ j^{0) = 2A^ps^ j^{0), we seem to have lost one A operator, all of 
which are used in Section 4 to obtain the required error estimate. The 
remedy will be found in the special nature of S2,i as we now explain. 

Instead of extending the time integration of each term to [0,T], we 
first consider the region where J2]=i''^i,j + ■Sij < ^i/2 so that S2,i > ti/2. 
Then 

|AV-,.(0)| = -^^—rj-, < ^ < c{h)h\ (6.21) 

■52,1 "52,1 

We then extend the time integration of each term to [0, T] and proceed 
as before. On the other hand, if Yl]=i''^i,j + > ti/2, then for some j 
we have either rij > 6 =: ti/(4n) or Sij > 6. Say it is the latter. We 
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then use the Sij integration for the bound, see fl6.21l) . 

|AV,+.,„(0)| ds2,,ds,j (6.22) 
■ — — ds2,i dsij < cK^ 

and bound the other term involving Sij, be it j{x)i\^^Psi or 
|A^A^^Psj^(x)|, by its supremum over si > 5, using Lemma [2.31 □ 

Proof of Lemma 16. 2t 

Let A C [0,ti]" X [0,t2]" X [0,^3]'" and set 

I{A)= j F{a;s){{f{dsd,i. (6.23) 

''^ d=li=l 

To prove Lemma [6.21 it suffices to show that 

I{A) < Ct\A\^I\ (6.24) 

We have 

I{A) (6.25) 

3 n n \ 3 n 



M / n n ps,Ay-M) - n ^1/0 n n 

-'^ y d=lj=l i=l J d=li=l 

/ (/^ n n Ps^Av-.u) - ya,u-i)) dsdA n dyt. 



d=l j=l I i=l 

Then by the Cauchy-Schwarz inequahty 

I{A) (6.26) 

// „ 3 n \ ^^'^ ri 

L,3„ n n pijy^^dj) - y^.o-i)) ds,, n % 
y[^i-A\ d=ij=i J 

< i^r/^e^"^ / n n ny^.u) - y^^.u-^) n % 



i=l 



where 



00 



f{y) = I e-^M ds. (6.27) 
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Since f{y) is the 1-potential density of planar Brownian motion evaluated 
at (-\/2 y, 0), we know that f{y) has a logaritmic singularity at ?/ = and 
has exponential falloff at oo so that the last integral in fl6.26p is finite. □ 



7 Proof of Lemma 17.1 



Lemma 7.1 Fix T < oo. For all s,t < T 



E 



J {{A'^L^Y - ^hL^} A'^.L: dx 



= 32h^E i^j dx 
+0[{sAtyh^+'). (7.1) 



Proof of Lemma I7.lt In order to prove (17. ip we must make use 
of the subtraction on the left hand side to eliminate all terms which are 
not O (/i^), then isolate the main contribution which is the first term on 
the right hand side, and estimate all error terms. As we will see the 
terms which are not O (h^) come from 'bound' variables. Because we are 
not using exponential times, the subtractions do not exactly eliminate 
all bound variables, which makes the analysis more complicated than in 
previous sections. 

We first write 



E 



where 



/{(A;Lf)=-4fcLr}AS<*.; 



/i - 8hl2 + 16/1^/3 (7.2) 



Ii = E 
= E 



(A^L^ ) ' A^Z: dx J ( AjLr) ' A^Ly dy 
J Je {^{A'^L^y (Aj^r)') E (a,^Z:aJL^) dxdy 



(7.3) 



E 



^A^~L:dx 



A^U 



^Lldy 

J Je[l^ (KL'tf) E (A'^mfiy) dxdy 



(7.4) 
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and 




(7.5) 



By Kac's moment formula and (14.51) we have 



Gs{x, y) =: E (A'^.^A^y^) = [ F,(x, y) dsi ds^ 



J{si+S2<s} 



(7.6) 



where 



Fs{x,y) 



(7.7) 



= A (x) A iy-x-h)+ ps, (x) A^ A- Vs. (y - x) 
+ A (y) A V, {x-y-h)+ p,, (y) A^A'^p,, {x-y). 

For any e > 

\Gs{x,y)\ < cs^^'^vl^''{x)vs{y — x — h) + cs''^'^u\r^{x)ws{ri — x) 

+cs'l'^vl-'{y)vs{x -y-h) + cs'^\l-'{y)ws{x - y). (7.8) 

To see this we note the bounds 




(7.9) 



and 




(7.10) 



and interpolate to obtain 



Us{x) < cs'/^ul-'ix), Vs{x) < cs'^'^vl~'{x). 



(7.11) 



It follows from (17.8^ and Lemma [2.21 that for any e > 




(7.12) 



Clearly 




(7.13) 
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where 

Ai,t2(a;,i/) = PtAx)Pt2{y - x)- (7-14) 
By Kac's moment formula and (14.51) . compare fl4.10p . 

B(Lf(A»Lf)') (7,15) 

= 2 E n (a;,.,)"'"' (a;,<,_„)°^'%!>'(') - ''a - d) *. 

7r',a' '>-Z^i=i J 1=1 

where the sum runs over all maps tt' : [1, 2, 3] ^ {x, y} with |7r'~^(a;)| = 
1, \n'~^{y)\ = 2, and all 'assignments' a' = (a'^ja^ : [1,2,3] t— > {0,1} x 
{0, 1} with the property that there will be exactly two factors of the form 
Ay in fl7.15p and none of the form A^. The factor 2 comes from the fact 
that |7r'~-'^(x)| = 1, \7r'~^{y)\ = 2. Recall that can he pt{x) , pt{x + h) 
or pt{x — h), but we always have A^A~^pl{x) = A'^A~'^pt{x). Also, we 
always take the pt{-) for a bound variable to be the g in fl4.5l) . 

Bound variables can come only from 7i[ = (x, y, y) and vTg = (y, y, x). 
Setting 

ft{h)=pm-pt{h) (7.16) 

we can write the contributions of vr'^ and vTg arising from a bound variable 

as 

D^'^,t{x,y)=pt,{x)pt,{y-x) [A^A'^.M] (7.17) 
= 2pt^{x) Pt2{y - x) ft,{h) 
= 2At,,t2{x,y) ft,{h) 

and 

A',A^,y) = PtM (A'^A-^ptM) Pt^ix - y) (7.18) 
= "^Phiy) fh{h) Pt^ix - y) 
= 2Ai,t3(l/,a;) ftiih). 

The non-bound contributions for vr'^ and tt!^ are 

B.[A^,y) = piix) A%{y - x) AValO) (7.19) 
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and 

B^U'^^y) = Am A-VL(O) A-'^plix - y) (7.20) 

+aU(i/) pUo)a-V«3(^-2/) 

+AU(y) AVl(0)pS3(x-y). 
and in addition there is a term from vTg = (y, x, y) which is 

B^Ux^y) = A'^plMplix - y) AVL(i/ - x) (7.21) 



+pl{y) A-VUx-y) AVf3(2/ 



X). 



We observe that by (17.111) and Lemma 12. 2[ for any 1 < j < 3 

sup / _3 \B^',t{x, y)\ n dU < ct^'^h^-\ (7.22) 

Hence in view of (I7.12p we see that for any e > and 1 < j < 3 

h f( f \B^>^,t{x,y)\l[dt)j \Gs{x,y)\dxdy = 0{{sAtyh^+'). 

(7.23) 

Similarly 

E((A;Lf)'(A;xr)') (7.24) 
= 4E L. , n (a;,.,)"'-' (a;,._„)"'"p!.(M^o - -(^ - D) * 

n,a "'iZ^,=i i=l 

where the sum runs over all maps vr : [1, . . . , 4] ^-^ {x, y} with |'7r~^(x)| = 
|7r~^(y)| = 2, and all 'assignments' a = (01,02) : [1,...,4] 1-^ {0,1} x 
{0, 1} with the property that there will be exactly two factors of the form 
A^ in (17.241) and similarly for Ay. The factor 4 = 2^ comes from the fact 
that \tt-\x)\ = \TT-\y)\ = 2. 

Writing vr as a sequence (7r(l), 7r(2), 7r(3), 7r(4)), we first consider tti = 
{x,x,y,y) and 112 = {y,y,x,x). These are the only tt's which have two 
bound variables. We can write the contribution of vri arising from two 
bound variables as 



D^,,{x,y)=PtAx) [A^A-^ptM)PH{y-x) [A^A-'p.M] 

= ^Ph{x) hWptsiy - x) ftSh) 

= Aft,{h)ftMA,fy{x,y) (7.25) 
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and similarly 

D^,,t{x,y) = 4ft,{h) ft,{h)Aa,{y,^)- (7-26) 
The contribution of tti arising from one bound variable is 

B^,,{x,y)=pl{x) (A-VI(O)) A-'pliy-x) [a'^A'^M] 
+A% (x) pI (0) A-y 3 (y-^) {A^A-^p,, (0)) 

+A^pI{x) AVL(0)pU?/ - ^) {A'^A-^ptM) (7.27) 
+pI{x) (a'^A-V,(0)) AVL(z/-x)AVI(0) 

and similar terms for 772. 

This is also a contribution of vra = (x, x) arising from one bound 
variable 



B^^,{x,y) = Ay,^{x) pliy - x) [A'A-^%M) - v) 

+pi{x) A-VL(2/-a;) (a'^A-V,3(0)) A^pl{x-y) 
+A^pI{x) A-^pl{y-x) (A^A-V*3(0)) v\S^ - y) 



and similar terms for 774 = (y, x, x, y). 

As before, we observe that by (17. lip and Lemma [521 foi' ^"^Y 1 ^ J ^ 4 

/ ^ \B^,A^M\{dU<cf'^h'-\ (7.28) 



sup 



Hence in view of (17. 12p we see that for any e > and 1 < j < 4 

/ il, \B^^^t{x,y)\X{dt\ \Gs{x,y)\dxdy = O Us Atyh^^^ 

(7.29) 

Taking note of the factor 4 in (I7.24p and the factor 2 in (I7.15P we now 
show that 

4 / / . {D^^^tix,y) + D^^^tix,y))Y[ dtA Gs{x,y) dx dy 

-IQh / / 3 {D^'^^t{x,y) + D^'^^t{x,y))Y[ dUdx dy\ Gs{x,y) 
+lQh^ / / (Ai,t2(a;,2/) + Ai,t2(l/,a;)) dtidt2] Gs{x,y) dx dy 

J \J{tl+t2<t} J 

= 0[{sAtYh^+'). (7.30) 
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We begin by rewritting fl7.30p . By symmetry it suffices to show that 
8/ / 4 D^^^t{x,y)Y[ dti\ Gs{x,y)dxdy (7.31) 
-32h / 3 D^'^^t{x,y)'[[ dti \ Gs{x,y)dxdy 
+32/i2 / ( / At.^t, (x, y) dt, rft2 I Gs{x, y) dxdy = Us A . 

J \J{tl+t2<t} J ^ ^ 

Using the above expressions for DT^-^ t{x,y),DT^>^ tix,y) and relabehng the 
t[s this is equivalent to showing that 

32 / (f A,^t,{x,y)ft,{h)ft,{h)I[dt)j Gs{x,y)dxdy (7.32) 

-64/i y" ly Ai,t2(a;,l/)/t3(^) n c^^i) G,{x,y)dxdy 

+32/^2 / ( / At^^t., (x, y) rfti dt\ G,{x, y) dxdy = ({s A tyh^+') . 

J \J{tl+t2<t} j ^ ' 

This comes down to making precise the intuitive notion that /r(/i) is 
h times a delta-function in r, (in which case the left hand side would 
vanish) . 

To this end we note 

/•OO /"OO 

/ j^ih) dr = / {pr{0) - pr{h)) dr = h (7.33) 
Jo Jo 

and for any 6 > 

/ fr{h)dr= ^^dr< ldr = 0{h^/V5). (7.34) 

We also note that 

/ , Ph{x) pt^iy - x) dti dt2 (7.35) 

J{t-2h'' <ti+t2<t} 

<c [ ^^dt^dt2<Gt'l''h''/\ 

J{t-2h^'<ti+t2<t} y/ti 
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We then write 

, A,,tAx,y)ft,{h)fuih) n dti (7.36) 

•^{Eti*»<*i i=i 

V 2 



{ti+t2<t-2/i'= 



A^,t2(x,?/) dti C?t2 ) ( / 

+ / A,,t2{x,y)ftMfuih)lldU 

Jc(t.h) 



fr{h)dr 



'C{t,h) 

where 

4 

^(t, /;,) = < t} - {ti + t2 < t - 2/1^'} X {ts, t4 < /l^'} (7.37) 

i=l 

C (^[0, t]^ n {t3, u < h^'y) U{t- 2h'' < ti + 12 < t}. 
Using fl7.33p - fl7.35p we see that for e' small 



' X 2 



A,^t2{x,y)dt^dt2] / fr{h)dr\ (7.38) 

= h^ [ A„t.(x,y)rftlrft2 + 0(t2/3/i2+.'/4) 

J{tl+t2<t} 

and 

/ A,,,{x,y)Uh)Uh) n rft. = 0(t2/3/.2+^'/4). (7.39) 

JC(t.h) 1 



1=1 



A similar analysis applies to the second term in 07.321) . Then taking 
e' = 8e and using fl7.12p completes the proof of fl7.32p . 

We have now dealt with all terms coming from I2 , 13 and it only 
remains to consider the contribution of non-bound variables to Ii. We 
will show that this is 

32/i^E (^J dx^ + O ((s A tyh'^+') . (7.40) 

The proof of fl7.40p follows closely the proof of Lemma 16. 1[ The main 
contribution comes from vr = {x, y, x, y) or (?/, x, y, x) and a = e. Taking 
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TT = {x, y, X, y) and a = e we have 

4 / I / , ptAx)A''A-''pt,{y - x)pt,{y - x)A^A~^pt,{y - x) 



4 



Jl dti Gs{x,y) dxdy 



i=l / 

Since as before 

I / pt, (x) A'^ A- V. {y - x)pt, {y - x) A^ A- V4 iv - x)\{ dU \ 

< ct''^u]-'{x)ut{y - x)wl{y - x), (7.41) 

we see that up to terms that are O ((s A tyh'^^^) we can replace Gs{x, y) 
in fl7:iT]) by 



/ (ps, {x) A''A-%, {y-x)+ ps, (y) A' A" " v)) dsi ds2. 

(7.42) 



'{si+S2<s} 

Thus consider 



4 / ( / Pf,(x)A^A-Vfe(2/ - a;K(2/ - a;)A'^A-Vt4(y - x) 

TT (itj / {x) A^ A" - a;) dsi ds2 dx dy 



It now follows as in the proof of Lemma 16.11 that up to the error terms 
allowed in (17.401) this is equal to 

16h^ f If PtAx)PtMdtidt2] if Ps,{x)dsA dx. (7.43) 

J \J{ti+t2<t} J \J{si<s} J 

The second term (17.421) gives the same contribution since up to another 
error term we can replace Ps^ (y) by Ps^ (x). There is a similar contribution 
from TT = [y, x, y, x). Thus altogether we have 

64 / ( / pt^{x)pt,{0)dtidt2] I f ps,ix)dsi] dx. (7.44) 

J \J{tl+t2<t} J \J{si<s} J 
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Since by Kac's moment formula 

E(^jmf^dx^ (7.45) 

= 2 / / ptA^)pt2{^)dtidt2] / PsA^)dsi \ dx 

J y{ti+t2<t} J \J{si<s} J 

we obtain the main contribution to (17.401) . The fact that all remaining 
TT, a give error terms is now easy and left to the reader. □ 



8 Proof of Lemmas I2.1H2.4 

Proof of Lemma 12.11 Since 



(8.1) 

= {m"(x — y) — u°'{x — y — h)} — {u"{x — y + h) — u°(x — y)} 



we have 



A^A;M°(a;-i/) 



{m"(0) - M°(-/i)} - {m"(/i) - M°(0)} 



y=x 



2(m"(0) - m"(/i)) = 2 



1 -e" 



/2ah 



'la 



which gives (12.41) . 

To obtain (12.51) we note that 



A'^u^ix) 



' ^-V2a\x+h\ _ ^-V2a\x\' 



(8.3) 



Therefore 



AS"(a;)| < 



2a\x\ 



^V2^(\x\-\x+h\) _ ^ 



U) 



< e-^l"l (||x| - \x + h\\ + 0{\\x\ - \x + h\\^) 
which gives (12.51) . (since we allow C to depend on a.) 
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To obtain 02.61) we simply note that 

\A''A-^u'^{x)\ = |2m"(x) + < 2t;"(x) (8.5) 

where we used the fact that u°'{x) is an even function. The first part of 
02.61) then follows from 02.51) . When |x| > h we have 

A''A-^u''{x) = 2m"(x) - + /i) - n"(a; - /i) (8.6) 
= M"(a;) (2 - e-^'^ - e^'^) . 

The statement in 02.81) follows trivially from 02.61) . 
For 02. 9p we note that for \x\ < h 

^h^^h ^a(^^-^ ^ 2m"(x) - u'^ix + h)- m"(x - h) (8.7) 
= (1 - m"(x + h)) + (1 - u^ix - h)) - 2(1 - m"(x)) 
= \x + h\ + \x-h\-2\x\+0{h'^). 

When < X < h we therefore have 

A''A-^u''{x) =x + h + h-x-2x + 0{h^) = {2 + 0{h)){h-x). (8.8) 

Consequently 

J^A^A-'^u'^ix))' dx = {2'' + 0{h)) l\h-xydx 

= (2V(g+l) + 0(/i))/i«+\ (8.9) 

Similarly, when —h<x<Oit follows from 08. 7p that 

A'^A-^u"(x) = h-x + x + h + 2x + 0{h'^) = {2 + 0{h)){h + x), (8.10) 

Consequently 

j^^(A^'A-^u'^{x)Y dx = {2'i + 0{h)) j^^{h + xYdx 

= (2V(g + 1) + 0(/i))/i'?+\ (8.11) 

Using dHS]), flSnrj) and ([23D we get 0^ . 



51 



To obtain 02.71) we write 

J lA'^A-' u'^{y)\Uy (8.12) 
= / \A'A~'^u''{y)\Uy+ f \A^ A-^ u''{y)\'^ dy 
<Ch'i I Idy + Ch^" f u"{y)dy = 0{h''+^), 

J\v\<h J\v\>h 



where for the last hne we use (12.61) . 



□ 



Proof of Lemma 12.21 It follows from the fact that Pr{x) < Pr{y) for 
all r if \y\ < \x\, and ([23]) that 



/ \A''pt{x)\dt < e^/M e-'/^\A''pt{x)\dt 
Jo Jo 



A' 



-tl2 



Pt{x) dt 



(8.13) 



eT/^\A''u'/\x)\<CThe- 



\x\ 



This gives f ETT^ . 

For (12.131) . we note that 



dx'^ 



Pt{x] 



x^/t - 1 



< 



C_ 



(8.14) 



+ 1 e 



c_ 



since sup^>Q se < oo. We use this and Taylor's theorem to see that for 
some < /I'j, h'l < h, 



|A'^A->(x)| = \2pt{x) ~ pt{x + h) - pt{x - h)\ 

d'' , d^ 



(8.15) 



< 



2 

Ch^ 

t3/2 



^^^Pt{x + K) + -^ptix - K] 



Therefore, when I a; I > 1h, 



\A^A-^p,{x)\<^e-^'/''K 



(8.16) 
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Consequently, when |x| > 2h, 

/ \A''A-''pt{x)\dt < Ch^ 
Jo Jo 



^3/2 



dt 



oo /32t 



< C/i^e-^'/^^T j- ^—^dt (8.17) 







-x^/32T ^oo p-l/32t -x^/32T 
Ch'' , , / c/t < Crh^ , , . 



which proves (12.131) . 

Using fl2A2D and fl27[3l) we see that 



w^t{x) dx (8.18) 
= / ( r \A''A-''pt{x)\dt] dx 

J\x\<2h \Jo J 

+ / ( r \A''A-\{x)\dt] dx 

J\x\>2h \J0 J 

< 4 / ( r \A''pt{x)\dt] dx 

J\x\<2h \Jo J 

<Ct [ h^dx + Crh^'^ [ dx < CTh''^\ 

J\x\<2h J\x\>2h \x\1 

which gives us (12.151) . 

For (I2.16P we note that when h < 1/4, ^/h > 2h. Therefore, it folows 
from fl2^ that 

/ w^T{x)dx (8.19) 

J\x\>Vh 

J\x\>Vh \x\'i 

Finally, to obtain ^HM we use fl2:T2l) and fl2J3ll to see that 

[wT{x)dx (8.20) 
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< 



/ r \/s!'/\-^pt{x)\dtdx+ I C \/\^A-^pt{x)\dtdx 

J\x\<hJQ J\x\>hJO 

2 I r \A%{x)\dtdx+ [ C \/\^/\~^pt{x)\dtdx 

J\x\<hJo J\x\>hJo 

-x^/8 



<Ct I hdx + Crh^ f dx < CrhHogh. 

J\x\<h J\x\>h \x\ 



□ 



Remark 8.1 Using Remark 2.1 and fl8.13p it is easy to check that we 
obtain the analog of (12.121 ) for all < 1 if on the right hand side we 
replace h by \h\. 

Proof of Lemma l2.3I The proof of (I2.17P is immediate. (I2.19p follows 
from (IS.lSp . and a similar application of the mean value theorem gives 

( Km . □ 

Proof of Lemma EH Using 2 - e'''P - e'^'^P = 2-2 cos{hp) = 
4sin^(p/i/2) we can write 

/ A''A-%{x)dt (8.21) 
Jo 

= — r I e*f^(2 - e'^P - e-*''P)e-*P'/2 ^^^^ 
27r JO J 

= / e^P^ sin2(p/i/2)e-*P dpdt 

271 Jo J 



27r J p^ 



Similarly 

A'^A- V*(a:) dt = ^ j e^v^'^^^ (l - e~^P'") dp (8.22) 
JO 2tx J p^ ^ ' 

and 

A^A-^u^l\x)= re-'/'A'^A-\ix)dt = — ( e'v^^^^^^^^ dp. 

Jo 2-71 J I + p^ 

(8.23) 
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Using 08.211) and the Fourier inversion formula we see that 

J (^J^ A^A-''pt{x)dty dx (8.24) 



2nJ J yj 

i=2 

sm\pih/2) ^ sm'^{pjh/2) 



where now px = Yl']=2Pj- Scahng in h we then obtain 

J (^J^ A^A-''pt{x)dty dx (8.25) 

8'?/i'?+i f sin2(pi/2) 1^ sin2(p^./2) 
W¥~'J Pi M P] 



Similarly we see that 



j (^j^ A^A-^Pt{x)dt^ dx (8.26) 



i=2 

and 

V 1 



A'^A-^u^'^ix)) dx (8.27) 



8'?/i<?+i /• sin2(pi/2) sin2(pj/2) 



(27r)9-l7 /i2+p2 11 /,2+p2 

Using the fact that ^™ is bounded and 

-P^^h dp = Ch^'^ (8.28) 
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our Lemma follows from comparing fl8.25l) - fl8.27l) with fl2.9p . 



□ 
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